In this note we study the upper bound of the integral f {tW(x))2w(x)dx Jo where t(x) is a trigonometric polynomial with real coefficients such that \\t\\ao < 1 and w(x) is a nonnegative function defined on [0, n]. When w{x) = sin; x , where j is a positive integer, we obtain the exact upper bound for the above integral.
Introduction
The purpose of this note is to investigate the following quantity: (1) sup [\t{nk)(x))2w(x)dx \U\\oo<lJ0 where t" (x) is a trigonometric polynomial of degree n with real coefficients such that Halloo = max \t"(x)\ < 1, 0<X<7t and w(x) is a nonnegative function defined on [0, n]. When w(x) = sinx and k = 1, Varma ([6] and [7] ) obtained the exact bound for (1) . In the case w(x) -sin2* and k = 1, the sharp bound was found by Shen [3] . As Shen pointed out his method fails for w(x) = sin3x. However, Varma, Mills, and Smith [8] managed to get the exact bounds for w(x) -sin3*, k = 1, and w(x) = sinx, k = 2 and 3, when t"(x) is a real even trigonometric polynomial of degree n . For the applications of these inequalities, please see [6] , [7] , and [8] . In this note we apply a new technique to make uniform the proofs and generalize the results in [3] , [6] , and [8] to the weight functions w(x) = sur*, where j is a positive integer, and the higher derivative cases.
For convenience, we introduce some necessary notations first. Let T" be the collection of all real trigonometric polynomials of degree < « bounded by 1 on the interval [0, n]. Denote Ten := {t"(x): tn(x) is an even function in T"}, T° := {t"(x) : t"{x) is an odd function in T"}, and N := {all positive integers}. Among other results, in this note we establish the following Theorem. Let t"{x) £ T" and k £ N, k > 2. Then for « > 4, (2) J\tf\x))2sin<xdx<^n2k(\-ŵ ith equality if and only if t"(x) = cosn(x -Xo) ■ This is Theorem 4 in Section 3. The analogue of the above theorem for w(x) -sin3* is proved in Section 3 too. In fact, the technique used in the proof of the above theorem also works in the cases w(x) = sin7 x , j > 5 . We discuss this in Section 4. In Section 2, we investigate the cases w(x) = sinx and w(x) = sin2* . The results in [3] , [6] and [8] are generalized to the higher derivative case. These inequalities are used later in Section 3.
The cases w(x) = sinx, sin2*
In this section we consider the cases w(x) = sinx, sin x. The exact bounds of ( 1 ) are obtained in Theorem 1 and 2, which are the extensions of the results in [6] and [3] . In Section 3, we apply Theorem 2 to prove the theorem stated in the introduction.
In the proofs of our theorems, we need the following lemma. A similar lemma was stated in [3] , and the same process was used in [7] and [8] . For the sake of completeness, we provide a proof here. Lemma 1. Let t"(x) £ T" , k £ N, and w{x) € C2[0, n]. Then j\t(n\x)f (W) + ¿*>"(*)) dx
where A = tink-1\x)t{"k)(x)w(x)\^, and B = -$($~l)(x))iw,(x)\l.
Proof. Since 2w(x) + ¿«/"(x) = 2 Í1 -¿) sinx, and , , w"(x) w(x) + -nT^ -;^)sin*-(«-¿)* Combining the well-known inequality of G. Szegö [4, p. 64 ] and the Bernstein inequality, we have (5) n2(t{nj\x))2 + (t{nj+l\x))2<n2^+l\ 7 = 0,1,..., with equality if and only if t"(x) = ±cosn(x -xo) ■ Then from (3) we obtain that 2^-^j\t{kHx))2smxdx
which implies (4). D
If we restrict tn(x) to be an even or odd trigonometric polynomial, then we can obtain a smaller bound. More precisely, we have When w(x) = sin2x, the argument in [3] can be utilized to prove the following theorem. We shall apply another technique, which is easier and more direct in the author's opinion. The same idea is used in Section 3. This inequality is much weaker than the result in [1] and [5] .
The cases w(x) = sin3x, sin4x
The main object in this section is to prove the theorem stated in Section 1. We first establish the inequality when w(x) = sin3 x. Theorem 3A. Let t"(x) £ Ten, k > 2, and let k be an odd integer. Then for n>3, (9) fcvwr+fxta < §*» (i -(4"2_1)"(4"2_9))
with equality if and only if t"(x) = ± cos «x.
Remark 4. As the referee pointed out, we can use the same procedure mentioned after the proof of Theorem 1A to prove the above theorem (applying the result of [8] (Lemma 2.2) ). We can also prove it using Theorem 1A and (3) From Lemma 1 and mathematical induction, we can prove the corresponding inequalities. But these inequalities become more and more complicated. We do not formulate them in this note. However, we can state them in the following fashion, which can be proved by induction.
Theorem 5. Let t"(x) £ T", let j be an odd integer, and k > ^-, k £ N. Then for n> j, Proof. We use mathematical induction on j. When j = 1, the theorem is valid, which is Theorem 1. Suppose the theorem is true for j -2. Let w(x) = sin7 x, and note that A = B = 0. From (3) 
